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Abstract 



o . . . . 

Q>«^ ' This paper aims at completing an earlier work of Russell and Zhang |38| to study internal 

. control problems for the distributed parameter system described by the Korteweg-de Vries equa- 

tion on a periodic domain T. In [38j , Russell and Zhang showed that the system is locally exactly 
controllable and locally exponentially stabilizable when the control acts on an arbitrary nonempty 
^\ ' subdomain of T. In this paper, we show that the system is in fact globally exactly controllable 

^ . and globally exponentially stabilizable. The global exponential stabilizability corresponding to a 

natural feedback law is first established with the aid of certain properties of propagation of com- 
pactness and propagation of regularity in Bourgain spaces for solutions of the associated linear 
system. Then, using a different feedback law, the resulting closed-loop system is shown to be 
locally exponentially stable with an arbitrarily large decay rate. A time-varying feedback law is 
further designed to ensure a global exponential stability with an arbitrary large decay rate. 



1 Introduction 

The well-known Korteweg-de Vries (KdV) equation can be written as 
(1.1) dtu + uda^u + dlu = 0, 

where u = u(x, t) denotes a real-valued function of two real variables x and t. The equation was 
first derived by Korteweg and de Vries [19] in 1895 (or by Boussinesq [1] in 1876 0) as a model for 

^The interested readers are refereed to a nice article of de Jager [TJ] for the origin of the KdV equation. 
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propagation of some surface water waves along a channel. The KdV equation has been intensively 
studied from various aspects of both mathematics and physics since the 1960s when solitons were dis- 
covered through solving the KdV equation, and the inverse scattering method, a so-called nonlinear 
Fourier transform, was invented to seek solitons [12^ I25|. It turns out that the equation is not only 
a good model for some water waves but also a very useful approximation model in nonlinear studies 
whenever one wishes to include and balance a weak nonlinearity and weak dispersive effects |25j . In 
particular, the equation is now commonly accepted as a mathematical model for the unidirectional 
propagation of small-amplitude long waves in nonlinear dispersive systems. 

In this paper, we consider the KdV equation posed on the periodic domain T: 

(1.2) dtu + ud^u + dlu = 0, xGT, t€R. 

The equation is known to possess an infinite set of conserved integral quantities of which the first 
two are 

Jt 

and 

l2{t) = / u^{x,t)dx. 
Jt 

Prom the historical origins [19\ [U [25] of the KdV equation, involving the behavior of water waves 
in a shallow channel, it is natural to think of Ii and I2 as expressing conservation of volume (or 
mass) and energy, respectively. The Cauchy problem for the equation (jl.2p has been intensively 
studied for many years (see [69 \ I18j and the references therein). The best known result so far 
|15| is that the Cauchy problem is well-posed in the space H^{T) for any s > — 1: 

Let s > —1 and T > be given. For any uq £ H^(T), the equation hi. 2^) admits a unique solution 
ii G C([0,r];i?^(T)) satisfying 

u{x, 0) = uq{x). 

Moreover, the corresponding solution map (uq u) is continuous from the space H^{T) to the space 
C{10,T];H^{T)).E 

In this paper we will study the equation (II. 2p from a control point of view with a forcing term 
/ = f{x,t) added to the equation as a control input: 

(1.3) dtu + ud^u + din = f , a; G T, t e M, 

where / is assumed to be supported in a given open set cj C T. The following exact control problem 
and stabilization problem are fundamental in control theory. 

Exact control problem: Given an initial state uq and a terminal state ui in a certain space, can 
one find an appropriate control input f so that the equation ( fi.g)) admits a solution u which satisfies 
u{.,0) = Uq and u{.,T) = ui? 

Stabilization problem: Can one find a feedback control law: f = Ku so that the resulting closed- 
loop system 

dtu + ud:,u + dlu = Ku, x € T, t G M+ 
is asymptotically stable as t ^ +00 ? 

^If s > — i, this solution map is, in fact, analytic. 
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The problems were first studied by Russell and Zhang for the KdV equation [37\ [38] . In their 
work, in order to keep the mass Ii{t) conserved, the control input f{x, t) is chosen to be of the form 

(1.4) fix, t) = [Gh\ (x, t) := g{x) {h{x, t) - g{y)h{y, t)dy 

where h is considered as a new control input, and g{x) is a given nonnegative smooth function such 
that {g > {f\ = uj and 

2vr[5] = / g{x)dx = 1. 

JT 

For the chosen g, it is easy to see that 

/ u{x,t)dx = / f{x,t)dx = for any t E M 
Jt Jt 



d 
dt 

for any solution u = u{x, t) of the system 



(1.5) dtu + udxU + d^u = Gh; 

thus the mass of the system is indeed conserved. 

The following results are due to Russell and Zhang |38j . 

Theorem A: Let s > and T > be given. There exists a 5 > such that for any uo,ui G H^(T) 
with [uq] = [ui] satisfying 

\\uo\\s < S, \\ui\\s < S, 

one can find a control input h S L^(0, T; ff*(T)) such that the system lll.5\) admits a solution 
ueC{[0,T];H'{T)) satisfying 

u{x,0) = uo{x), u{x,T) = ui{x). 



In order to stabilize the system (jl.Sp , Russell and Zhang employed a simple feedback control law 

(1.6) h{x,t) = -G*u{x,t). 
The resulting closed-loop system 

(1.7) dtu + ud^u + dlu = -GG*u, xeT, teR. 
is locally exponentially stable. 

Theorem B: Let s = or s > 1 be given. There exist positive constants M, 6 and 7 such that if 
uq £ H^{T) satisfies 

(1-8) \\uo - [uo]\\s < 6, 

then the corresponding solution u of ( [i. 7p satisfies 

\\ui;t) - [uo]\\s < Me-""\\uo - [uo]\\s 

for any t > 0. 
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Thus one can always find an appropriate control input h to guide the system (jl.Sp from a given 
initial state uq to a terminal state ui so long as their amplitudes are small and [uq] = [ui\. A 
question arises naturally. 

Question 1: Can one still guide the system by choosing appropriate control input h from a given 
initial state uq to a given terminal state ui when uq or ui have large amplitude? 

As for the closed-loop system ()1.7p , its small amplitude solutions decay at a uniform exponential 
rate to the corresponding constant state [uq] with respect to the norm in the space H^(T) as t ^ oo. 
One may ask naturally: 

Question 2: Do the large amplitude solutions of the closed-loop system ( (j. 7| j decay exponentially as 
t^oo? 

A further question is: 

Question 3: For any given number A > 0, can we design a linear feedback control law such that the 
exponential decay rate of the resulting closed-loop system is X? 

One of the main results in this paper is a positive answer to Question 1 as given below. 

Theorem 1.1. Let s > 0, R > 0, and fi & M be given. There exists a time T > such that if 
uqjUi G H'^{T) with [uq] = [ui] = fi are such that 

\\uo\\s < R, \\ui\\s < R, 

then one can find a control input h G L'^{0,T; H^{T)) such that the system lil.5]) admits a solution 
u e C{[0,T];H'{T)) satisfying 

u{x,0) = uo{x), u{x,T) = ui{x). 

So the system (|1.5p is globally exactly controllable. 

As for Question 2, we have the following affirmative answer. 

Theorem 1.2. Let s > and /i G M 6e given. There exists a constant k, > such that for any 
Uq G i?*(T) with [uq] = /U, the corresponding solution u of the system ( [i. 7p satisfies 

\\u{-,t) - [uo]\\s < as,f,i\\uo - [no]||o)e"''*||no - [no]||s for all t > 0, 

where ag^^ ■ — > is a nondecreasing continuous function depending on s and fi. 

Note that Theorem 11.11 follows from Theorem 11.21 and a local control result around the state 
u{x) = fi (similar to Theorem A) thanks to the time reversibility of the KdV equation. 
The decay rate k in Theorem 11.21 has an upper bound 

K<inf{-ReA: X £ apiAc)} 

where Aq is the operator defined by 

Agv = -v'" -nv- GG*v 

with T){Ag) = H^{T) as domain. In order to have the decay rate k arbitrarily large, a different 
feedback control law is needed. 
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Theorem 1.3. Let A > 0, s > 0, and fj, £ M be given. There exists a number 6 > and a linear 
bounded operator Qx from H^{T) to H^{T) such that if one chooses the feedback control law 

h = -Qxu 

in system il.S]) - ^^ , then the solution u of the resulting closed-loop system 

(1.9) dtu + udxU + d^u = —GQxu, u{x,0) = uo{x), xST 
satisfies 

\\u(;t) - [uo]\\s < Ce-^'\\uo - Mils for all t > 0, 
whenever ||no||s ^ o-rid [uq] = fi, C > denoting a constant independent of uq. 

Note that this is stih a local stabihzation resuh. However, the feedback laws in Theorems 11.21 
and 11.31 may be combined into a time-varying feedback law (as in [9]) ensuring a global stabilization 
with an arbitrary large decay rate. 

Theorem 1.4. Let A > 0, s > 0, and ^ € R &e given. There exists a smooth map Qx from H^iT) xM 
to //^(T) which is periodic with respect to the second variable, and such that the solution u of the 
closed-loop system 

dtu + udxU + d^u = -GQx{u, t), u{-, 0) = uq 

satisfies 

\\u{-,t) - [uo]\\s < as,xA\\'^o - [uo]\\s)e~^^\\uo - [uo]\\s for all t > 0, 
where cts^x,fi '■ I^"*" ~^ 'is a nondecreasing continuous function depending on s, A and /x. 

The following remarks are in order. 
Remark 1.5. 

(i) In Theorem A, the control time T is independent of the initial state uq and the terminal state 
ui and can be, in fact, chosen arbitrarily small. By contrast, in Theorem \l.l\ the control time 
T depends on the size of the initial state uq and the terminal state ui in the .space L^(T). 
Whether the time T can be chosen independent of the .size of uq and ui is an interesting open 
question. 

(a) While the decay rates k in Theorem and A in Theorem \1.4\ o-re independent of uq, the 
constants as,f_i{\\uQ — [uo]||o) or as,A,^(||'Uo — [^o]||s) are likely not uniformly bounded; i.e., it 
may happen that 

lim asJr) = oo or lim asXui^) = oo- 

r— >oo r— »oo 

To prove our global controllability and stabilization results described above, we will as usual 
consider first the associated linear open-loop system 

(1.10) ut + Uxxx = Gh 
and the associated linear closed-loop system 

(1.11) Ut + Uxxx = -GQx- 

Without much difficulty we can show by using a standard approach in control theory of linear 
systems that the system (jl.lOp is exactly controllable in the space H^{T) and that the closed- loop 
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system (jl.lip is exponentially stable in the space H^(T) with an arbitrarily large decay rate A. 
However, how to extend the linear results to the corresponding nonlinear systems is a challenging 
task. Indeed, after having published their linear results [37j, Russell and Zhang had to wait for 
several years to extend their results to the nonlinear systems [38] until Bourgain [3] discovered a 
subtle smoothing property of solutions of the KdV equation posed on a periodic domain T when he 
showed surprisingly that the Cauchy problem of the KdV equation (|1.2p is well-posed in the space 
H^(T) for s > 0. This then newly discovered smoothing property of the KdV equation has played a 
crucial role in the proofs of Theorem A and Theorem B in [38]. By contrast, establishing the global 
exact controllability and stabilizability for the nonlinear system (II. 7p is even more challenging. After 
all, the results presented in Theorem A and Theorem B are essentially linear in nature; they are more 
or less small perturbation of the linear results. The global results presented in Theorem ll.il Theorem 
11.21 and Theorem 11.41 are truly nonlinear and their proofs demand new tools. The needed help turns 
out to be certain propagation properties of compactness and regularity for the KdV equation which 
are inspired by those established by Laurent in [20] for the Schrodinger equation. This strategy has 
already been successfully applied by Dehman, Lebeau, and Zuazua [TT] for the wave equation, and 
by Dehman, Gerard, and Lebeau [lO] and Laurent [20l [21] for the Schrodinger equation. 

Note that for any solution u of the systems in consideration, its mean value [u] is invariant. Thus 
it is convenient to introduce the number := [u] = [uq], and to set 

u = u — fi. 

Then [u] = and u solves 

dtu + UUx + d^u + {fi + u)dxU = Gh. 

if u solves (|1.5p . Throughout the paper, fi will denote a given (real) constant, Hq{T) = {u £ 
H^{T); [u] = 0}, and Lq{T) = {n S L'^{T); [u] = 0}. We shall establish exponential stability results 
in Hq{T) for the equation 

dtu + dxU + fidxU + udxU = —Kxu 
that will imply all the results stated above. 
The paper is outlined as follows. 

- In Section 2, the exact controllability and stabilizability are presented for the associated linear 
systems. 

- In Section 3, some preliminary results in Bourgain spaces, including the propagation of com- 
pactness and the propagation of regularity for the KdV equation, are provided. 

- In Section 4, the stabilization of the KdV equation by a time invariant feedback control law is 
studied. 

- In Section 5, the stabilization of the KdV equation by a time- varying feedback control law is 
investigated. 

Finally we end our introduction with a few comments on the boundary controllability of the KdV 
equation posed on a finite interval (0, L): 

{ut + Ux + UUx + Uxxx = 0, X e (0, L), t > 0, 
u{0,t) = hi{t), u{L,t) = h2{t), Ux(L,t) = hsit). 

The problem was first investigated by Rosier [30] and has been intensively studied in the past decade. 
(See [SniliainilMlMliaiMllMlllllinilSllSlligandthe references therein.) In contrast to control 
problems of other equations (parabolic equation or hyperbolic equations for instance), the boundary 
control system p.l2p has some interesting properties. 
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(i) It 

the linear system 

ut + Ux + Uxxx = 0, x G (0, L), t > 0, 
u{Q,t) = hi{t), u{L,t) = h2{t), Ux{L,t) = hsit). 

associated to (I1.12P is not exactly controllable if /ii = /12 = 0. However, the nonlinear system 
(LT2\i is locally exactly controllable (still with /ii = /12 = 0) [301 [3 O [6]. 

(ii) The system ()1.12p is exactly controllable from the right (using /12 or as control inputs with 
hi = 0), but only null controllable from the left (using hi as a control input with /i2 = /13 = 0). 
The system thus behaves like a parabolic system if control is acted only on the left end of the 
spatial domain and behaves like a hyperbolic system is control is allowed to act on the right 
end of the spatial domain [321 [13] . 

2 Linear Systems 

Consideration is first given to the associate linear open loop control system 

(2.1) dtv + d^v + ndxv = Gh, v{x, 0) = wo(x), xgT, t£R, 

where the operator G is as defined in Section 1 and h is the applied control function. 
Let A denote the operator 

Aw = —w'" — fiw' 

with its domain T^^A) = i7'^(T). The operator A generates a strongly continuous group W{t) on the 
space L^(T); the eigenfunctions are simply the orthonormal Fourier basis functions in L^(T), 

<Afc(x) = -i=e*^^ A; = 0,±l,±2,... . 
V 27r 

The corresponding eigenvalue of (pk is 

Afc = ik^ - ifik, k = 0, ±1, ±2, • • • . 

For any / G Z, let 

m{l) = #{k G Z; Xk = 

In addition, A* = -A, G* = G and W*{-t) = W{t) for any t G M. Using the gap condition 

lim |Aa;+i - Afcl = +00 

and the fact that m{l) < 3 for any / and m(/) = 1 for |/| large enough, we may deduce from Ingham 
lemma that the system (j2.ip is exactly controllable in H^{T) in small time for any s > 0. 
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Theorem 2.1. 1381 Theorem 2.1 and Corollary 2.1] Let s > and T > be given. There exists a 
bounded linear operator 

$ : H^{T) X H^{T) ^ L'^{0,T; H^{T)) 
such that for any vq, vi £ Hq (T) , 

rT 



W{T)vo+ [ W{T-t)Gmvo,vi)){t)dt = vi 
Jo 



and 

\mV0,Vl)\\L2{0,T;H'>{T)) < C{\\uo\\s + \\vi\\s) 

where C > depends only on T and \\g\\s- 

The fohowing estimate is a direct consequence of Theorem 12.11 
Corollary 2.2. Let T > be given. There exists 5 > such that 

r \\GWm\lit)dt>5Ml 
Jo 

for any (j) G ^oC^)- 



Note that the arguments presented in this paper give another proof of Corohary 
In addition, if one chooses the fohowing simple feedback law 

h{v) = -G*v, 

the resuhing closed-loop system 

(2.2) dtv + dlv + nd,,v = -GG*v, v{x,0) = vo{x), x£T 

is exponentially stable. 

Proposition 2.3. Let s > be given. There exists a number k, > independent of s such that for 
any vq G Hq{T), the corresponding solution v of \2.S^) satisfies 

\\v{.Ms<Ce-''%vo\\s 
for any t > where C > is a constant depending only on s. 

Proof. The case s = has been proved in [37\ Theorem 2] . We only provide the proof for the case 
s = 3. The case of < s < 3 follows by interpolation. The other cases of s can be proved similarly. 
Pick any vq G Hq{T) and let w = dtv. Then w solves 

dtw + d^w + fidxW = —GG*w, w{x, 0) = wo{x), x G T 

where wo{x) = —v'q{x) — ^v'q — GG*vq{x) belongs to L'^iT). Thus 

\\w{-,t)U\dtv{-Mo<Coer'''\\wo\\o 
for any t > 0. From the equation 

d^v + ^dxV = —w — GG*v 

it follows that 

\\v{;t)\\3<C3e-^'\\vo\\3 

for any t > 0. The proof is complete. □ 
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Next we show that it is possible to choose an appropriate hnear feedback law such that the decay 
rate of the resulting closed-loop system is as large as one desires. 
For given A > 0, define 



Lx(t>= [ e~'^^^W{-T)GG*W*{-T)(l)dT 
Jo 

for any <j) G H^{T). Clearly, L\ is a bounded linear operator from H^{T) to H^{T). Moreover, Lx is 
a self-adjoint positive operator on Lq(T), and so is its inverse . Lx is therefore an isomorphism 
from Lq{T) onto itself. The following result claims that the same is true on Hq[T). 

Lemma 2.4. Lx is an isomorphism from L[q{T) onto Hq{T) for all s > 0. 

Proof. Since the result is known for s = 0, and Lx maps Hq(T) into itself, we only have to prove 
that for any v G Lq{T), Lxv G Hq{T) implies v G Hq{T), i.e. D'^v G L^(T). Using the continuity of 
L^^ on Lq{T) and a commutator estimate similar to \20\ Lemma A.l], we obtain 

ll^'t'llo < C\\LxD'v\\o 

< C\\ [ e-'^^^W{-T)GG*W*{-T)D'v dT\\o 

Jo 

< G\\D' I e~^^^W{-T)GG*W*{-T)v dT\\o 

Jo 

+ C\\ [ e~^^^W{-T)[GG*,D']W*{-T)vdT\\o 
Jo 

< G\\Lxv\\s + Gs\\v\\s-i. 

The result follows at once for s G [0, 1]. An induction yields the result for any s > 0. □ 
Choose the feedback control 

h = -G*L-^v. 

The resulting closed-loop system reads: 

(2.3) dtv + d^v + iddxV = —Kxv, v{x, 0) = vo{x), x G T, 

with 



Kx := GG*L-\ 



If A = 0, we define Ko = GG*. 



Proposition 2.5. Let s > and X > be given. For any vq G Hq{T), the system i2.3\) admits a 
unique solution v G C(M^ ; i^Q (T) ) . Moreover, there exists M = Mg depending on s such that 

\H.,t)\\s < Mse-^'\\vo\\s 

for any t > 0. 

Proof. The case s = follows from }41I Theorem 2.1]. The other cases of s are proved as for 
Proposition 12. 3i □ 

3 Preliminaries 

In this section we present some results which are essential to establish the exact controllability and 
stabilizability of the nonlinear systems. 
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3.1 The Bourgain space and its properties. 

For given 6, s G M, and a function ti : T x R ^ M, define the quantities 



mix. 



b,s 



OO „ 



u{k, t) 



dr 



u 



ITD> 

\k = — QO ' 

v2 



V ( / {ky {t - + fik)'' ^k,T) dr) 



\k=—cx) 



where u{k, r) denotes the Fourier transform of u with respect to the space variable x and the time 
variable t (by contrast, u{k, t) denotes the Fourier transform in space variable x) and (•) = y^l + | • p. 
Moreover, denote by D"^ the operator defined on T>'{T) by 

. . ITuik) = \k\'u{k) if ky^O, 

^ ^ = u{0) if k = 0. 

The Bourgain space (resp. l^^s) associated to the KdV equation on T is the completion of the 
space S{T x M) under the norm (resp. ||^i||yi, J- Note that for any u S Xf,^s, 

For given b,s G M, let 



be endowed with the norm 

\\u\\zk II^IIx^ + ll^^lly 1 • 

II 11-^6,5 11 I I^^O.S II I I 1 « 

For a given interval /, let Xh s{I) (resp. Zh^s{I)) be the restriction space of X^ s to the interval / 
with the norm 

lklUb,,(7) = inf {||n||xi,,J 5 = n on T X /} 
(resp. = inf {||n||z(,^J n = u on T x /}). 



For simplicity, we denote Xh^s{I) (resp. Zb^s{I)) by X'^^ (resp. Z^J if / = (0,r). The following 
properties of the spaces X"^^ are Z'^^ are easily verified. 

(i) Xfe ,,(/) is a Hilbert space. 

(ii) D^u £ Xb^s~ril) for any u £ Xi)^s{I). 

(iii) If bi < 62 and si < S2, then Xb^^s2 is continuously imbedded in the space ^bi.si- 

(iv) For a given finite interval /, if 61 < 62 and si < S2, then the space Xi,2,s2{^) is compactly 
imbedded in the space Xh^^^siil)- 

(v) ^i,,(/) C C(I;H'{T)) for any s G M. 

Lemma 3.1. Let 5, s G M and T > be given. There exists a constant C > such that 
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(i) for any </> G H'{T), 



(a) for any f G X'[_^^^, 

provided that b > ^; 
(in) for any f G Z^i 



f W{t-T)f{T)dT 

Jo 



XT 

b.s 



<C^II/llxr,, 



W{t-T)f{T)dT\\zT <C\\f\\zT^ 



Proof See e.g. [i2] or [7]. 

Lemma 3.2. (Strichartz estimates) The following estimates hold: 



(3.2) 



(3-3) 11^11^4(^2) < Cll-ullxig, 

(3-4) \\u\\l\Tx(o,t)) < C\\u\\xT ■ 

Proof. ()3.2p comes from [3l Proposition 7.15]. To prove ()3.3|) . pick any u G q decomposed 

u{x,t) = Y^ I ^{k,T)e'^^^+^'UT. 
Writing t = I + a with Z G Z, o" G [0, 1), we have that 

u(x,t) = Te^"* Hk,l + a)e'^'''-'+^'Ua. 

Using ()3.2p and Cauchy-Schwarz, we obtain 

MlHt^) < /'ll 5]S(fc,Z + a)e*('=^+'*)||i4(x2)da 

< c[ I y2{l + \l-k^ + fik\)i\^k,l + a)\A da 

- (l^ /(l + k-'^^ + /^^l)^l^(^'^)l^^^^) • 



11 



It remains to establish (j3.4p . Let T > and u G X{ . Pick p £N* with T < 2Trp, and an extension 

3,0 

u G Xi Q of u with ||n||xi < 2||n||jfT . Then 

II"IIl4(Tx(0,T)) - ll'"llL4{Tx(0,27rp)) - ^'(Cl l^^-l |xi < C"||m||^t • 

Note that C' depends only on T. □ 

Lemma 3.3 (Bilinear estimates). Let s > 0, T £ (0,1), and u,v G n ^^(0, T; Lg(T)). Then 
i/iere exist some constants 6 > and C > independent of T and u, v such that 

(3.5) \\{uv)x\\zT^ <Cr^||M||_YT \\v\\xT 

The proof of Lemma 13.31 can be found in [3] with 6 = 1/12 (see also [?])• 

To end this section, we prove a multiplication property of the Bourgain space X"^,,. H ip = 
is any C°° function, then ipu G X'^^ for any u G X]^ ^. However, \i cf) = (^(x) G C°°(T), then (f)u 
may not belong to the space X'^ ^ for u G X'^ ^. Some regularity in the index b is lost due to the 
fact that the multiplication by a (smooth) function of x does not keep the structure in time of the 
harmonics. This loss is, in fact, unavoidable. For instance, for k > 1, let Uk = ip(t^e^^^e^^^^~^^^^ , 
where V' G C'o°(I^) takes the value 1 on [—1, 1]. The sequence {uk} is uniformly bounded in the space 
Xfeo for every 6 > 0. However, multiplying Uk by (j){x) = e*^, we observe that ||e*^nA:|| ^ k, k"^^. 

' MM Af, Q 

The next lemma shows that this is the worst case. 

Lemma 3.4. Let — 1<6<1, sGM and (p G C°°{T). Then, for any u G X^^s, ip{x)u G -^b,s-2|fe|- 
Similarly, the multiplication by (p maps Xl^ into X^5_2|fe| • 

Proof. We first consider the case of 6 = and 6 = 1. The other cases of b will be derived later by 
interpolation and duality. 

For 6 = 0, Xq^s = L^(M, i?*(T)) and the result is obvious. For 6=1, note that u G Xi^s if and 
only if 

u G L^{^,H'{T)) and dtu + dlu + ^id^u G L^{^,H'{T)), 



and that 



Thus, 



+ ||[(/j,a3 + ^a 



(T)) -r ||v> ^^i^t"- -r L/^u- -r a^o-^u.; ||L2(]R^j:^s-2(Tr)) 
||2 



( 2 II 3 ||2 ||||2 

ll'"llL2(M,/i-«-2{T)) + Ir*^ + ^x"" + A''^a;^^||^2(]R^j:/s-2(T)) + ll^llL2(IR^J^sC]r) 



< C\\u\\l 



Here, we have used the fact that 
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is a differential operator of order 2. To conclude, we prove that the Xb^g spaces are in interpolation. 
First, using Fourier transform, X^ g may be viewed as the weighted space L^(]Rt- x Z^, (A;)^*(r — 
+ fj.k)'^^X 6), where A is the Lebesgue measure on M and 6 is the discrete measure on Z. Then, 
we use the complex interpolation theorem of Stein- Weiss for weighted spaces (see [Hp. 114]): 
for < 6" < 1 

Since the multiplication by (p maps Xq^s into Xq^s and Xi^g into Xi^s^2, we conclude that for < 6 < 
1, it maps Xh^s = {^o,s, Xi^s)[f,] into (Xo,s, ^i,s-2)[fe] = Xh^s~2b, which yields the 26 loss of regularity 
as announced. 

Then, by duality, this also implies that for < 6 < 1, the multiplication by (p{x) maps X-i,-s+2b 
into X-b-s- As the number s may take arbitrary values in M, we also have the result for — 1 < < 
with a loss of —26 = 2|6|. 

r the restriction spaces X^^, 

which yields 



To get the same result for the restriction spaces XT we write the estimate for an extension ti of it, 



IIwuIIyt < llw-ullv <C||u||v 

"'^b,s-2\b\ ~ "^b,s-2\b\ — II "^b,3 

Taking the infimum on all the u, we get the claimed result. □ 
3.2 Propagation of compactness and regularity 

In this subsection, we present some properties of propagation of compactness and regularity for the 
linear differential operator Ldt + + fidx associated with the KdV equation. Those propagation 
properties will play a key role when studying the global stabilizability of the KdV equation. 

Proposition 3.5. Let T > and < 6' < 6 < 1 be given (with b > 0) and suppose that Un G 
and fn G -'^T^ _2+2b satisfy 

dtUn + dlun + /iS^-Un = fn 

for n = 1, 2, ... Assume that there exists a constant C > such that 

(3.6) ll^nllx^^ — ^ /^^^ n > 1, 
and that 

(3.7) ||'"n|lx^ + ll/nllx^ + ll^nllx^ as n ^ oo. 

"^-b,-2+2b "^-b-2+2b "^_(,',_l+26' 

In addition, assume that for some nonempty open set uj CT it holds 

Un ^ strongly in L'^{0,T; L'^(lo)). 

Then 

Un^O strongly m Ll^{{0,T)- L\T)). 
Proof Pick if e C°°(T) and V G C^((0,r)) real valued and set 

B = Lp{x)D~'^ and A = ip{t)B. 

Then 

A* = ip{t)D-^ip{x). 
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For e > 0, let = Aef^- = ip{t)Be be a reffularization of A. Then 

"n,£ := i[A£,L]Un,Un)L'2{Tx{0,T)) 

= {[As, dl + IJ,dx]Un, Un) - {lp'it)BsUn, Un). 

On the other hand, 

Oin,e = {fn,AlUn)L2(Jx{0,T)) + i^eUn,fn)L'^(Jx{0,T)) 

since Lun = fn and L* = —L. By Lemma 13.41 



(3-8) < ll/nlIxT Iknllx^ 



Consequently, 
Similarly, we have 
and 
Thus 

and therefore 
In particular. 



lim sup A*u„)i2(Trx(o,T))| = 0. 



lim sup \{AsUn,fn)Lyr x(o,T))\ =0 



lim sup \{tp'{t)BsUn,Un)\ = 0. 



lim sup I an £ I =0 

"^°°0<£<l 



_ IVI^£l'^''^ 
n^ooo<£<i 



lim sup \{[Ae,d^ + fidx]Un,Un)\=0- 



lim {[A,d^ + fJ,d^]Un,Un)L^Tx{0,T)) = 0. 
n— »oo ^ \ ' 

As commutes with dx, we have 

[A, dl + ^idx] = -mt){d.^)dlD~^ - mt){dl^)dxD-^ - midlv + f^dx^)D-^- 
Using the same argument as in ()3.8p . we get 

(V'(t)(5^V3 + /x5^(/9)L'"2u„,n„,)i2(Tx(0,T)) 0- 

However, for the second term, the loss of regularity is too large if we use the estimates with the same 
b. Using the index b' instead, we have 

{'4j{t)[dlip)dxD~'^Un,Un) < \\llj{t){dlip)dxD~'^Un\\xT \\Un\\xT 



b',l-2b' -i)',-l+2i)' 



< X^; Fn XT , 

b',0 -b' ,-l+2b' 
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which tends to as n — > oo, by (|3.6p - (|3.7p . Note that —d^D~^ is the orthogonal projection on the 
subspace of functions with u{0) = 0. Using Relhch Theorem combined to the fact that 6 > 0, we 
easily see that n^(0,t) tends to in L^(0, T) (strongly), and hence 

{tlj{t){d:^(p)u;,{0,t),Un)L2{Tx{0,T)) ^ 0. 

We have thus proved that for any ip G C°°(T) and any ip e C^{{0,T)) 

{i;(t){dx(p)Un,Un)L\Tx{0,T)) ^ 0. 

Note that a function (p G C°°(T) can be written in the form dxf for some function (p G C°°(T) 
if and only if fj (j){x) dx = 0. Thus, for any x ^ Cq^{oj) and any xq G T, (j){x)x{x) — xi^ ~ xq) can 
be written as (j) = d^^p for some (p G C°°(T). 

Since Un is strongly convergent to in L^(0, T; L^(a;)), 

lim {'4'{t)xUn,Un)L^nx(0,T)) = 0- 
n— »oo ^ \ ^ II 

Therefore, for any xq G T, 

lim {lp{t)x{- - Xo)Un,Un)L2(Jx(0,T)) = 0- 
n— >oo ^ ^ ' II 

The proof is then completed by constructing a partition of unity of T involving functions of the form 
Xi{- - 4) with Xi e C^{uj) and 4 G T. □ 

Next we investigate the propagation of regularity for the operator L = dt + + fj,dx- 

Proposition 3.6. Let T> 0, 0<6<1, rGM and f G ^T^^ be given. Let u G X'^^ he a solution 
of 

dtu + dl.u + iidxU = f. 

Lf there exists a nonempty open set ujofT such that u G Lf^^{{Q, T), H'^~^f{uj)) for some p with 

< p < min{l — b, -}, 

thenueLU{0,T),H-+P{T)). 

Proof. Set s = r + p and for n = 1,2, ... 

Un = en^^U =: EnU, fn = Enf = LUn- 

There exists a constant C > such that 

<C, WfnWxT <C Vn>l. 

h.r —h.r 

Pick 99 G C°°(T) and ^ G C^((0,r)) as in the proof of Proposition [331 and set 

B = D^'-^ip{x) and A = ip{t)B. 

We have 

{LUn,A*Un)L2(jx{0,T)) + i^^n , LUn) (J x {0 ,T)) 
= {[A,dl + pdx]Un,Un)L2{Tx{0,T)) " {ip' {t)BUn,Un) 
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\{AUn,fn)mTx{0,T))\ < II Jl llx^^ 

< CWnJxT WfnWxT 

o.r —b,r 

< C 

since r + 2p — 2 + 2b<r. The same estimates for the other terms imply that 
Note that 

and 2s - 2 + 1 = 2r + 2/9 - 1 < 2r. We have 

«n)L2(']rx(0,T))l 

< C||'(/'(t)D^''-2(9^(/?)a^U„||i2(o,T;H-'-{T))lhn||L2(0,T;H'-(T)) 
^ C'||tt„||^2(o,T;//'-(T)) 

< c 

and 

\{ll){t)D'^''~'^{dlip + ^ldxip)Un,Un)L2('fx{0,T))\ 

< C||^/;(t)D2^-2(5^¥? + ^aa;(^)'U„||i2(o,r;H-(T))ll^^n||L2(0,T;//'-(T)) 

< C'||n.„||^2(o,T;_H''-(T)) 

< C 

for any n > 1. Thus 

(3.9) \m)D^'~\d.x^)dlun,Un)\<C. 
For any x G C^{^). 

= m)D'-\dlun,xD'Un) + m)[D'"\x]xdlun,D'Un) 

+{m[D'~\ X]xdlun, D'un) =: h + h + h- 

We infer from the assumptions that xu G ^L((0' H'{T)) and that xdlu G L2^^((0, T), i?"-^^^)). 
Thus 

XUn = ^nXU + [X, ^n]u 

is uniformly bounded in L^^^((0, T), //''(T)) by [20| Lemma A. 3] and the fact that s < r+1. Applying 
the same argument to xdx'Un, we obtain 

|/i|<C. 

It follows from [20l Lemma A.l] and the fact that u G L'^{0,T; W (T)) that 

< ll'"n|lL2(o,T;//''{T)) II^"IIl2(0,T;_H"''-i+p{T)) — ^■ 
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A similar bound may be obtained for I/3I. Consequently, 

for any n > 1. Then, using (j3.9|) with dx^ = X^(^) ~ X^i^ — xq) yields 

\{^{t)D^'-^xH- - Xo)dlun,Un)\ < C 

for any n > 1. Using a partition of unity as in the proof of Proposition 13.51 obtain 

\{mD'''~^dlu,u)\<C, 

that is 

t-T 

The proof is thus complete. □ 
Corollary 3.7. Let u G he a solution of 

(3.10) dtu + dlu + ndxu + ud^u = on T x (0, T). 

Assume that u G C°°(u; x (0, T)), where uj is a nonempty open set in T. Then u G C°°{T x (0,T)). 

Proof. Recall that the mean value [u] is conserved. Changing fi into fi + [u] if needed, we may 
assume that [u] = 0. We have udxU G X"^ i by Lemma 13.31 It follows from Proposition 13.61 that 

e L;2^^((0,r),i7^(T)). Choose to such that u{to) G iJ^(T). We can then solve (IXTH]) in Xf ^ 

2 ' 2 

with the initial data u{tQ). By uniqueness of the solution in X'^ , we conclude that u G Xj^ 1 . An 

2'^ 2'2 

iterated application of Proposition 13.61 yields that u G L^(0, T; i7^(T)) for every r G M, and hence 
u G C7°°(T X (0,r)). □ 

Corollary 3.8. Let uj be a nonempty open set in T and let u G X"[ be a solution of 

2 

dtu + d^u + /-fc^i^u + udxU = on T x (0, T) 

u = c on w X (0, r) 

where c G M denotes some constant. Then u{x, t) = c onT x (0, T) 

Proo/. Using Corollary [321 we infer that n G C°°(T x (0, T)). It follows that u = c on T x (0, T) by 
the unique continuation property for the KdV equation (see [lOl |32] ) . □ 

4 Nonlinear systems 

In this section, we are concerned with the stability properties of the closed loop system 
dfU + d^u + fidxU + udxU = —Kxu, x G T, < t < T, 

< 

u(x, 0) = no(x), X G T, 



(4.1) 



where A > is a given number and uq G Lg(T). 

We first check that the system is globally well-posed in the space Hq{T) for any s > 0. 
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Theorem 4.1. Let A > and s >0 be given. Then for any T > and any uq € Hq{T), there exists 
a unique solution u G n C([0, T]; Lq(T)) of ()4.ip . Furthermore, the following estimate holds 

(4-2) \MzT < aT,s(lko||o)lko||5 

where ax^s ■ is a nondecreasing continuous function depending only on T and s. 

Proof. We shall first establish the existence and uniqueness of a solution u G Zj n L^(0, T; Lq(T)) 

of (|4.ip for T > small enough. Then we shall show that T can be taken as large as one wishes. 
Let uq G Hq{T). Rewrite system ()4.ip in its integral form 



(4.3) u{t) = W{t)uo- W{t-T){ud^u){T)dT - W{t-T)[Kxu]{T)dT 

Jo Jo 

where W{t) = e~*(^^"'"'^^^). For given uq, define the map 

r{v) = W{t)uo- [ W{t-T){vd^v){T)dT- I W{t-T)[Kxv]{T)dT. 
Jo Jo 

The following estimate is needed. 

Lemma 4.2. For any e > there exists a positive constant C{e) such that 

(4.4) \\ fw{t-T)[Kxv]{T)dT\\zT <C{e)T'~'\\v\\^T 

Jo 2'^ ^'^ 

Proof of Lemma \4-^ Let v G Zj . Pick an extension of f to T x M, still denoted by v, and such 
that 

ll^llzi < 2||f||^T . 

Pick any rj G C°°(M) with r]{t) = 1 for \t\ < 1 and r]{t) = for |t| > 2. By Lemma |3.H it is clearly 
sufficient to prove that 

(4.5) \\r]\t/T)Kxv\\z , <CT'''\\v\\z^ ■ 
Let us first estimate \ \r]'^{t/T)Kxv\\x i • We have that 

\\rj\t/T)Kxv\\x 1 <\\v\t/T)Kxv\\x.,+^ < CT^Mt/T)Kxv\\xo . < CT'~'\\v\\x, 

g ,S ^,3 

where we used \4:2\ Lemma 2.11] twice and Lemma |2.4[ This yields also 

\\7]\t/T)Kxv\\Y.,^<\\r]\t/T)Kxv\\x.,+^ <CT^-'\\v\\x^ • 

and ()4.5p follows. The proof of Lemma 14.21 is complete. □ 
It follows then from Lemmas 13.11 13.31 and IT2] that there exist some positive constants 9,Ci,C2 
and C3 such that 

(4.6) mv)\\zT < CiWuoWs + C2T%\\lr +C3T'-'\\v\\zT 

1,3 3,3 

(4.7) \\T{vi)-r{v2)\\zT < C2T^\\vi+V2\\zT \\vi-V2\\zt +C3T^-'\\vi-V2\\zT 



^,3 ^,3 ^,3 ^, 
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for any v,vi,V2 G n ^^(0, T; Lg(T)). Pick d = 2Ci||uo||s and T > such that 

,S 



(4.8) 2C2dT'^ + C^T^-^ < ^■ 
Then 

l|r(^)llzT <d 

and ^ 

\\T{vi) -T{v2)\\zT < -\\vi-V2\\zT 

whenever Ht^H^t < d, HfiH^^' ^ and ||f2||^r < d. Thus the map T is a contraction in the 
closed ball 5(^(0) of Z\ n L^(0, T; Lq(T)) for the || • ||^t norm. Its fixed point u is the desired 
solution of (j4.ip in the space n i^^(0, T; Lq(T)). It follows from the property (v) of the Bourgain 

2 

space Z'^ ^ recalled in the previous section that u G C([0, T]; //q (T)) with 

Let us now pass to the global existence of the solution. Assume first that s = 0. The solution of 
(|4T]) satisfies 

||n(.,t)||g = - / {GL-^u,Gu)Q{T)dT Vt > 
which yields with Gronwall lemma 

(4.9) ||tx(.,t)||g<||no||ge^* 

with C = ||G|p||L^^||. A standard continuation argument shows that ()4.ip is globally well-posed in 
Lg(T). (Note that ||'u(.,t)||o < ||no||o when A = and t > 0.) Next, we show that (jil^ is globally 
well-posed in the space Hq(T). For a smooth solution u of (j4.ip . let v = ut- Then 



(4.10) 



5tt; M^xt' + dcciuv) = -Kxv, xeT, < t < T, 

v{x, 0) = uo(x), X eT, 



where 

For T fulfilling (jMl), we have 

||ii||^T < d = 2Ci||iio||o- 

i n 



5.0 



The same computations as those leading to ()4.6p yield 

IzT < Cilkollo + (4C7iC2r''||no||o + CsT^^nMlzT 

and hence 



v\ 

'"1,0 ^,0 



||?;||^T <2Ci||uo||o 

1,0 

for < T < Ti(||uo||o)) where Ti(-) is a continuous nonincreasing function. Therefore, 

II^IIl°°(0,T;L2{T)) < C'4|blbT' < C'llbollo 
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for < T < Ti and C( = 2C1C4. iFiom the equation 

d^u = —K\u — V — ndxU — udxU, 

we infer that for < t < T < Ti 

\\dlu\\o < C7||u||o + llt^llo + (Cs + ||u||o)||<9a;'u||Lgo 

< Crilnllo + \\v\\o + Cg{l + \\u\\o)\\u\\l \\dlu\\l 

< ^Wdx^Wo + Ibllo + '^io(||'"||o + ll^^llo). 

Consequently, 

\H\l^(0,T;H3{J)) < aT,3(||^io||o)||'"o||3 

for T < Ti(||no||o). Combined to (gj]), this shows that u G C(]R+; i?^(T)) and that (jM]) holds 
true for s = 3. A similar result can be obtained for any s G 3N*. For other values of s, the global 
well-posedness follows by nonlinear interpolation |431 [2], The proof is complete. □ 

Next we prove a local exponential stability result when applying the feedback law h = —Kxu. 

Theorem 4.3. Let < A' < A and s >0 be given. There exists 6 > such that for any uq G -f^oC^) 
with ||tio||s < the corresponding solution u of ()4.ip satisfies 

\\u{.,t)\\s < Ce~^'*||no||s for all t > 

where C > is a constant independent of uq. 

Proof. We proceed as in [3ll [36] . System ()4.ip can be rewritten in an equivalent integral form 
(4.11) u{t) = Wx{t)uo - f Wx{t - t){uUx){t) dr 







where W\{t) = e At this point we need to extend some estimates in Lemmas 13.1113.31 

for the C°— group W\{t). 

Lemma 4.4. Let s > 0, A > and T > be given. Then there exists a constant C > such that 
(i) for any (p G Hq{T) 

\\wxm\zT <cM\s. 



T 

t 



(a) For any u,v ^ Z\ 

II \ Wx{t-T){uv)x{T)dT\\zT <C||n||^T llwll^T . 

Proof of Lemma \4-4\ ' application of Duhamel formula gives 

(4.12) Wx{t)(l) = W{t)(l)- [ W{t-T)[KxWx{T)^]dT. 

Jo 

Using Lemma |4.2|, this yields 

||W^A(t)</'|lzT < \\Wm\zT +\\ fw{t-T)[KxWx{T)4>]dT\\zT 

< CM\s + CT'-'\\Wxm\zJ 
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(i) follows at once if T is small enough, say T < Tq. For T > Tq, the result follows from an easy 
induction. To prove (ii), we use the identity 

r Wx{t - T)f{T) dr = f W{t - T)f{T) dr - f W{t - t)Kx ( [ Wx{t - a)f{a) da) dr 
Jo Jo Jo \Jo J 

which gives with / = {uv)x 

rt 

Wx{t-T){uv)^{T)dT\\zT 

<\\ [ W{t-T){uvUT)dT\\zT +\\ [ W{t-T)Kx( rWx{T-a){uvUa)da]dT\\zT 
Jo Jo \Jo / h-" 



<C\\u\\zT \\v\\zT +CT'-'\\ Wx{t-T){uvUr)dT\\zT 



(ii) follows again if T is small enough, say T < Tq. For T > Tq, the result follows from (i) and an 
easy induction. □ 

For given s > 0, there exists by Proposition 12.51 some constant C > such that 

\\Wx{t)uo\\s < Ce~^^\\uo\\s yt>0. 

Pick T > such that 

2Ce-"^<e-^'^. 

We seek a solution u to the integral equation (j4.1ip as a fixed point of the map 

r{v) = Wx{t)uo - f Wx{t - t){vv^){t) dr 

7T 

2 ' 







in some closed ball Bm{0) in the space Zi n L (0,T;Lg(T)) for the Ht'll^i' norm. This will be 

done provided that ||mo||s ^ ^ where 5 is a small number to be determined. Furthermore, to ensure 
the exponential stability with the claimed decay rate, the numbers 5 and M will be chosen in such 
a way that 

<e-^'^||no||.. 

By Lemma 1331 there exist some positive constants Ci,C2 (independent of 5 and M) such that 

||r(v)||^T < Ci||no||s + C2||'t;|||T 

and 

||r(?;i) - r(t;2)||^T < C2\\vi + V2\\zT \\vi-V2\\zt . 



2'' 2'" 2' 

7T 

2 ' 



On the other hand, since Zi ^ C C{[0,T]; H'^ (T)), we have for some constant C' > and all 
V G Bm{0) 

||r(7;)(r)||, < \\Wx{T)uo\\s + \\ rWx{T-t)ivv^){T)d7 

Jo 

< Ce-^^5 + C'M^. 
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Pick 5 = CiM'^, where C4 and M are chosen so that 



^ < Ce"^^, (C1C4 + ^2)^2 < M, and 2C2M < \. 



Then we have 



||r(7;)||^T < M Vt;G5A/(0), 

||r(t;i) - r(z;2)|lzT < i:\\vi-V2\\zT yvi,V2 € Bm{0). 

Therefore, F is a contraction in i?jvf(0). Furthermore, its unique fixed point u G i?j\/(0) fulfills 

||n(T)||, = ||r(n)(r)||, <e-^'^5. 

Assume now that < ||no||s < (5. Changing b into b' := ||uo||s and M into M' = {d'/d)^M, we 
infer that ||u(r)||s < e"''* |no| |s, and an obvious induction yields ||u(nT)||s < e""^ ""^j |iio| |s for any 
n> 0. As ZT n L2(0,r;Lg(T)) C C([0, T]; i?^(T)), we infer by the semigroup property that there 

exists some constant C > such that 

<C"e"^'*||uo||. 

provided that ||uo||s < b. The proof is complete. □ 

The stability result presented in Theorem 14.31 was local. We extend it to a global stability result 
in the following theorem. 

Theorem 4.5. Assume There exists a k > such that for any Rq > 0, there exists 

a constant C > such that for any uq € ^oC^) ^^if^ 

\\uo\\o < Rq, 

the corresponding solution u of (with \ = Q) satisfies 

(4.13) lk(-,i)llo < Ce"''*||no||o for all t > 0. 

Theorem 14.51 is a direct consequence of the following observability inequality. 

Proposition 4.6. Let T > and Rq > be given. There exists a constant /? > 1 such that for any 
Uq G L'^(T) satisfying 

\\uo\\o < Roi 



the corresponding solution u of j[ j satisfies 

(4.14) \\uo\\l<P r\\Gu\\l{t)dt. 

Jo 

Indeed, if ()4.14p holds, then it follows from the energy estimate 

(4.15) \\u{;t)\\l = \\uo\\l- f\\Gu\\l{T)dT Vt>0 



^Recall that Kq = GG* . 
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that 

M;T)\\1<{1-P-')\\U0\\1 

Thus 

\\u{.,mT)\\l<{l-(3-'y^uo\\l 

which gives (|4.13|) by the semigroup property. We obtain a constant k independent of Rq by noticing 
that for t > c(||uo||o)) the norm of u{.,t) is smaller than 1, so that we can take the k corresponding 
to Ro = l. □ 



Now we present a proof of Proposition 14.61 

Proof of Proposition 14. 6t We prove the estimate (I4.14p by contradiction. If (I4.14p is not true, 
then for any n > 1, (mi) admits a solution n„ G n C([0, T]; Lg(T)) satisfying 



||Un(0)||o < Ro 

and 



|2j^ ^ 1 ll„._ ||2 



(4.16) / ||Gn„||o(it < - ||no,n||o 

Jo ^ 

where uo,n = Un{0). Since a„ := ||uo,n||o ^ ^o, one can choose a subsequence of {on}, still denoted 
by {ctn}, such that 

lim an = a. 

n— ►oo 

There are two possible cases: (i) a > and (ii) a = 0. 
(i) g > 

Note that the sequence is bounded in both spaces L°°(0, T; L^(T)) and -'^f „• By Lemma 

2 ''^ 

13.31 the sequence {(9a; (n^)} is bounded in the space X'^i On the other hand, the space Xj is 

compactly imbedded in the space Xq^^. Therefore, we can extract a subsequence of still 
denoted by {un}, such that 



u weakly in XT , and strongly in XT^^, 



l^dxiul) f weakly in X^i 

Z 2'^ 



where u G X'^ and / G X'^i . Furthermore, since Xf is continuously imbedded in L^{T x (0,T)) 
by ([33]), it^ is bounded in L2(T x (0,r)). It follows that d^iul) is bounded in 

L\0,T;H~\T))=Xl_,. 

Conducting interpolation between X'^^ and Xq_i, we obtain that dx^u"^) is bounded in X^ i_g = 
9 for G [0, 1]. As X-^i g is compactly imbedded in X^^ _ for < ^ < 1, we can extract 

~2 + 2'~^ ~2 + 2'~^ ~2'~^ 

a subsequence of still denoted by {?i„,}, such that —^dxiw^) converges to / strongly in X'^i 

It follows from (fiT6]) that 

^ WGunWUt^ [ \\Gu\\ldt = 0, 
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which impHes that u{x,t) = c{t) on u; x (0,T) for some function c{t). Thus, passing to the hmit in 
(j4.ip . we obtain 

(..J. / dtu + d^u + fid^u = f onTx(0,r), 

^ ' \ u = c{t) on cj X (0,T). 

Let Wn = Un — u and /„ = —^dxiw^) — f — KoUn- Note first that 

(4.18) [ WGwnWldt [ \\Gun\\ldt+ [ \\Gu\\ldt - 2 [ {Gun,Gu)odt ^ 

Jo Jo Jo Jo 

Since Wn — > weakly in ^, we infer from Relhch theorem that g{y)wn{y,t)dy — > strongly in 
L2(0,T). Combined to (ITOD . this yields 

/ / g{x)'^Wn{x,t)'^dxdt ^ 0. 
Jo Jt 

Thus 

dtWn + d^Wn + fidxWn = fn 

and 

fn 0, W„ 



where Cj := {g > | bl Il-=(t)/2}- 

Applying Proposition 13.51 with b = ^ and 6' = yields that 

Wn ^ > 0. 

L2^^((0,T);L2(T)) 

Consequently, u'^ tends to in L}^^{{0,T);L^{T)) and dc,{ul) tends to d^iu^) in the distributional 

sense. Therefore / = — and u G r. satisfies 

2 ,u 

dtu + d^u + fid^u + ^dx{u'^) = onTx(0,r), 

u = c{t) onu;x(0,r). 

The first equation gives c'{t) = which, combined to Corollary 13.81 yields that u{x,t) = c for some 
constant c G R. Since [u] = 0, c = 0, and Un converges strongly to in Lf^^{{0,T), L'^{T)). We can 
pick some time to £ [0)^] such that n„(to) tends to strongly in L^(T). Since 

\\UniO)\\l = \\Un{to)\\l + / \\GUn\\ldt, 

Jo 

it is inferred that an = ||'Wn(0)||Q which is a contradiction to the assumption a > 0. 
(fi) g = 0. 

Note first that an > for all n. Set Vn = Un/an for all n > 1. Then 



dtVn + d^Vn + ^Jid^Vn + K^Vn + ^^^^.(u^) = 



and 



T 1 

(4.19) / \\Gvn\\ldt<-. 
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Because of 



(4.20) ||^;„(0)||o = l, 

the sequence {f„,} is bounded in both spaces L°°(0, T; L^(T)) and X'l . Indeed, ||t^n(OI|o is a 
nonincreasing function of t, and the boundedness of for small values of T follows from an 

estimate similar to (|4.6p (since a„ is bounded). We can extract a subsequence of {vn}, still denoted 
by {vn}, such that Vn ^ v weakly in the space X'f and strongly in the spaces X'^i _i ^^'^ -^o-i- 

2,U 2' ' 

Moreover, the sequence {dx{v^)} is bounded in the space X'^^ , and therefore andxiv"^) tends to 
in the space X^i Finally, \ \Gv\\ldt = 0. Thus, v solves 



(4.21) 



dtv + d^v + tidxv = on T X (0, T) 

V = c{t) onu;x(0,T). 



We infer that v{x,t) = c{t) = c thanks to Holmgren Theorem, and that c = because of [v] 
According to (14.19P 



/ WGvnWldt^O 
Jo 



and so KoVn converges strongly to in X'^j . Then, an application of Proposition 13.51 as in (i) 

shows that Vn converges to in L^^^((0, T), L^(T)). Thus we can pick a time to ^ (0)^) such that 
Vn{to) converges to strongly in L^(T). Since 

\\Vnm\l = \\Vn{to)\\l+ [ ° WGVnWldt, 

Jo 

we infer from (j4.19p that ||wn(0)||Q which is a contradiction to (j4.20p . The proof is complete. □ 
Next we show that the solution u of ()4.ip (with A = 0) decays exponentially in any space H'^{T). 



Theorem 4.7. Assume that X = in Ii4.1\) , and let k > be the infimum of the numbers k given 
respectively in Proposition \2.3\ and in Theorem \4-5\ Let s > and let k' G (0, k) be given. Then 
there exists a nondecreasing continuous function Os^k' '■ such that for any uq £ Hq{T), the 

corresponding solution u of ( |^. j| ) satisfies 

\\u{-,t)\\s < as,K'{\\uo\\o)e~'''^\\uo\\s 

for all t > 0. 

Proof. The result for s = has already been established in Theorem [53] with k' = k. Let us consider 
now the case s = 3. Pick any number Rq > Q and any uq S -f^oC^) '^ith ||tio||o ^ -^o- Let u denote 
the solution of (14. ip emanating from uq at t = 0, and let v = ut- Then v solves 

(4.22) dtv + dlv + ndxv + d^iuv) = -Kqv, v{x,0) = vo{x), x G T, t > 0, 

where vq = —KqUq — ^u'q — uqu'q — Uq . According to (|4.2p and (|4.13p . for any T > there exists a 
number C > depending only on Rq and T such that 

\H-,t)\\^lut+T] < C7e-''*||no||o for all t > 0. 

1.0 
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Thus, for any e > 0, there exists a i* > such that if t > t*, one has 

\\u{-,t)\\^[t,t+T] < e. 

1,0 

At this point we need an exponential stabihty result for the linearized system 

(4.23) dtw + d^w + fidxW + dx{aw) = —Kqw, w{x, 0) = wo{x), x G T, t > 
where a G n L'^{0, T; Ll(T)) is a given function. 

Lemma 4.8. Let s > and a £ n ^^(0, T; Lg(T)) for all T > 0. Then for any k' G (0, n) there 

2 

exist T > 0, /? > such that if 

sup ||a|| [„T,(n + l)T] < /3, 
n>l ^1,. 

\\w{-,t)\\s <Ce~'^'*\\wQ\\s for all t>0, 
where C > is a constant independent of wq. 

Proof of Lemma \4.8[ - First, a proof similar to those of Theorem 14.11 shows that for any T > and any 
s > 0, if a G n L2(0, T; Lg(T)), then ()i:23]l admits a unique solution w e ZT n L2(0, T; Lg(T)) 

2''' 2'* 

and 

(4.24) ||u;||^T <fi{\\a\\zT )\\wo\\s 

where : M'^ — > M"*^ is a nondecreasing continuous function. Rewrite (I4.23P in its integral form 

w{t) = Wo{t)wo - f Wait - T)dx{aw){T)dT 
Jo 

where Wo{t) = e-*('9^+A'9-+^o). xhus, for any T > 0, by Proposition [231 Lemma[0]and (Oij) . 
||i'^(-,7')||s < C'ie"'^'^||w;o||s + C'2||a||^T ||i«||^t 



le '''^llwolU + C'2||a||2T /^dlall^T )\\wo\ 



where Ci > is independent of T while C2 may depend on T. Let 

yn = w{-,nT) for ?i = l,2, ... 
Then, using the semigroup property of the system (|4.23p . 

||yn + l||s < Cie~'^'^\\yn\\s + C'2||a||^[nT,(n + l)T]/i(||a||^[nT,(n + l)T])||yn 

for n > 1. Choose T > large enough and /? > small enough so that 

Cie-"^ + C2/3/i(/?) = e-"'^ 

Then 

ll^n+llls < e~'''^\\yn\\s 
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for any n > 1 as long as 



Thus 



SUp||a|| [„T,(n + l)T] < 13. 
n>l ^1,. 



\yn\\s < e "'"'^llyol 



for any ?i > 1, which imphes that 

\\w{-Ms < Ce-«'*|kolU 

for all t > 0. The proof is complete. □ 
Choose € < (3, and then apply Lemma 14.81 to (j4.22p to obtain 

\\v{;t)\\o<Ce"-'^'~''^\\v{.,e)h 

for any t > t*, or 

M;t)\\o<Cie-^''\\vo\\o 
for any t >0, where Ci > depends only on Rq. It then follows from the equation 

d^u = —Kqu — udxU — fidxU — V 

and Theorem 14.51 that 

h(-,t)||3 <Ce-'^'*lko||3 

for any t >0, where C > depends only on Rq. 

Thus the theorem has been proved for s = and s = 3. Using the same argument for ui — U2 and 
a = ui + U2 for two different solutions ui and U2, we obtain the Lipchitz stability estimate needed 
for interpolation: 

11(^1 -^^2)(-,t)||o<Ce-'''*||(ui-n2)(-,0)||o. 
The case of < s < 3 follows by interpolation. The other cases can be proved similarly. □ 

5 Time-varying feedback law 

In this section we prove that it is possible to design a smooth time-varying feedback law ensuring a 
semiglobal stabilization with an arbitrary large decay rate. 

Let A > and s > be given. According to Theorem 14.71 there exists a number k > and a 
nondecreasing function ag such that any solution u of 

(5.1) dtu + d^u + fidxU + udxU = —GG*u 
emanating from uq G Hq{T) at i = fulfills 

(5.2) Mt)\\s < a,(||uo||o)e-'^*||no||.. 

On the other hand, it follows from Theorem 14.31 that for any fixed A' G (0, A), any solution u of 

(5.3) dtu + d^u + fidxU + udxU = —K\u 
emanating from uq G Hq{T) at t = fulfills 

(5.4) ||n(t)||, <C,e-^'*||no||. 
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provided that ||mo||s ^ fo^ for some constant Cs and some number ro G (0,1). Pick any function 
9 G C°°(M; [0, 1]) fulfilling the following properties: 

(5.5) e{t) = 1 for (5 < t < 1 - (5 

(5.6) e{t) = for 1 < t < 2 

(5.7) 9{t + 2) = e{t) for alH G R 

where 6 G (0, 1/10) is a number whose value will be specified later. Pick a function p G C°°(M+; [0, 1]) 
such that 

(5.8) p(r) = 1 for r < tq, p(r) = for r > 1. 
Let T > be given. We consider the following time-varying feedback law 

(5.9) K{u,t) = p(\\u\\^^)[ei^)K,u + eC-^)GG*u]+{l-pi\\u\\l))GG*u 



GG* M||n||2) [e{^)L',\ + 9C-f)u] + (1 - pm\l))u]. 



The following result indicates that a semiglobal stabilization with an arbitrary decay rate can be 
obtained. 

Theorem 5.1. Let A > and let K = K{u,t) be as given in ()5.9p . Pick any X' G (0, A) and 
any X" G (A'/2, (A' + k)/2). Then there exists a time Tq > such that for T > Tq, to G M. and 
uq G Hq{T), the unique solution of the closed-loop system 

(5.10) dtu + d^u + iJ.dxU + udxU = —K{u,t), u{to) = uq 
satisfies 

(5.11) \\u{.,t)\\s<^s{\\uo\\s)e-^"^'-'°^\\uo\\s for all t> to 
where js is a nondecreasing continuous function. 

Proof. First, proceeding as for Theorem 14.11 we check that the system (j5.10p is globally well-posed 
in Hq{T). Next, rough estimates for ||n(.,f)||s are established for the times t when both K\ and 
GG* are active. 

Lemma 5.2. Pick any pair (to,iio) G M x Hq{T). Then the system (15.10p admits a unique solution 
u -.T X [tQ, +00) — > M fulfilling 

u G n L2(to, to + T; Lg(T)) for all T > 0. 

2 

The following a priori estimates hold true 

(5.12) // ||no||. <1, ||n(.,t)||, < Q,(l) for all t > to; 

(5.13) // ||no||s>l, lk(.,i)IU < as(||wo||o)||^^o||s for all t > to; 

(5.14) // \\uo\\s<R, \\u{.,t)\\s<Kse'^^^'-'°'^\\uo\\s for all t> to, 

where Ks and dg denote some positive constants depending only on s and R. 
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Proof of Lemma \5.S\ Let us begin with the local existence of a solution. Pick any pair (toj^o) G 
M X H^{T). It may be seen that 

\\K{vi,t)-K{v2,t)\\s<c\\vi-V2\\s forall vi,V2 ^ H'q{T), t (i^ 
where c denotes a positive constant independent of vi,V2 and t. Defining the map 

r{v){t) =W{t-to)uo- [ W{t-T){vd^v){T)dT- f W{t-T)K{v{T),T)dT, 

Jto Jto 

we infer as in the proof of Theorem 14.11 that (j4.6p and (j4.7p hold for all v,vi,V2 G ^i^o,to+T] ^ 

L^(to,io + ^'i-^oC^))- Moreover, the involved constants only depend on 6 for its L°° norm and not 
on 5. Let d = 2Ci||no||s and T > be such that 

2C2df^ + C^f^'' < ^• 

Then the map F is a contraction in the closed bah 3^(0) of n L'^{tQ,tQ + T; Lg(T)) for the 

2 'f__^ 

norm. Its fixed point is the desired solution of (jS.lOp . Note that for some constant 
C4 > we have that 

\\'^\\L°°{to,to+f;H'^{T)) ^ C'4||u||^[t(,^t,j+f] < 2CiC4||no||s. 

Noticing that K{u,t) = GG*u for \\u\\s > 1 and using (j5.2p . we infer that the solution u of (|5.10p is 
defined for all t>to. Moreover, yields (l5J2]) and (I5l3]) . Let 

d'2Ci max(as(l),a5(||Mo||o)||'"o||s)- 
Note that d' depends only on R and s. Replacing T by T' satisfying 

2C2d'T'^ + CsT'^"' < ^ 

in the application of the contraction mapping principle, we infer that the (unique) solution u of 
(|5Tn]) fulfills 

\\u\\ ito+kT' ,to+(k+i)T'] < 2Ci||M(.,to + kT')\\s. 
^ 1 

This gives 

lkllL°°(io+feT',io+(fc+i)T',/f''(T)) < 2CiC4||n(.,to + A;r')||s 

and 

for some constants Kg > 0, > depending only on s and R. □ 
Given A" as in the statement of the theorem, we pick 5 > such that 

(5.15) A" < -2W, + (1 - 25)-^^ and <54 - (1 - 2(5)k < 0- 
Next, choose r\ G (0, tq) such that 

(5.16) a,(a,(l))C,ir,4e4^™^ri < tq. 
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and To > such that 

(5.17) as{l)a,{as{l))Kj'^'-^'-^'^-^^ < n, 

(5.18) a,(l)C7,K,^e[^'^'^^-(^-25)(K+A')]r < ^-2A"t 

for all T >Tq. Note that Tq exists by (j5.15p . Pick any uq G Hq{T) and any time to £ The proof 
rests on a series of claims. 

Claim 1. There exists a time ti £ [to, to + k"'^ ln(as(| |uo| |o)| l^^ol Is)] such that 

(5.19) \\uih)\\s<l. 

Without loss of generality we may assume that | |n(to)| |s > 1. Then the dynamics of u is governed 
by (j5.ip as long as ||?x(t)||s > 1. By (j5.2p . we have (j5.19p for some time ti with 

a,(||no||o)e-'^(*i-*°)||no||. < 1. 

Therefore, Claim 1 holds. □ 
Claim 2. There exists a time t2 G 2ZT n [ti,ti + 3T] such that 

(5.20) \\uit2)\\s < n. 
From the fact that ||n(ti)||o < 1 and (j5.2p we have that 

\\u{t)\\s < as{l) for alH > ti. 

Pick R = as(l) and let Kg and ds be as given in Lemma 15.21 for that choice of R. Let t'^ > ti denote 
the first time of the form t[ = {2k + 1)T + 5 with k £ Z, and let t2 = {2k + 2)T. Then it follows 
from dOD, (|^^ and (ISTTp that 

\\u{t2)\\s < ir.e^™^a,(a,(l))e-«(i-2^)^||n(t'i)l|. < n. 

Claim 3. ||n(t)||s < tq for ah t > t2 and ||u(t2 + 2fcr)||^ < e-'^''^"'^\\u{t2)\\s for ah /c G N. 

First, we notice that the dynamics of u is governed by (15. 3p (resp. by (15. ip ) when t G (t2 + 
(5r,t2 + (1 - (J)?") (resp. when t G (^2 + {l + 6)T,t2 + (2 - 6)T)), as long as ||'u(t)||s < tq. Therefore, 
using dO]), (El), (I5l^ . and (1536]) we obtain that 

||n(t)||. < {as{as{l))K^se^^'^'''){CsKy^^^^)\\u{t2)\\s<ro for all t G [ta, ^2 + 2r]. 

On the other hand, by (|5.18p . 

\\u{t2 + 2T)\U < (a,(l)e--(l-2^)^ir^25™.)(^^g-A'(l-25)T^2g25Td.)||^(^^)||^ 

< e-''"^\\u{t2)\\s 

< n. 

The claim follows by an obvious induction. □ 
It follows from Claim 3 that for t > t2 

\\u{t)\\s<ce-^"^'-'''>\\u{t2)\\s 

for some constant c independent of t and uq. Since 

t2-to<3T + ln(Q5(||no||o)|ho||s), 

the theorem follows. □ 
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Remark 5.3. 

• A natural idea to combine both feedback controls would be to consider a discontinuous feedback 
control which agrees with Kqu when \ \u\\s is large, and with K\u when \ \u\\s is small. The main 
difficulty is then to define properly what we mean by a solution of the closed-loop system. In 
finite dimension, the Filippov solutions are widely used by the control community to deal with 
discontinuous systems. (See fE/ for the definition of a Filippov solution.) The main advantage 
of the time-varying feedback law considered here is its regularity, which guarantees the existence 
and uniqueness of "classical" solutions for the closed-loop system. 

• It would be interesting to see whether a smooth time-invariant feedback law ensuring a semi- 
global exponential stabilization with an arbitrary decay rate can be designed. 

• A simpler, but less efficient, time-varying feedback law is 

K{u,t) ■.= e{i;)p{\\u\\l)K^u + eC-^)GG*u. 
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